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1. Introduction 
Non-local boundary value problems of various kinds for partial differential equations are of 
great current interest in several fields of application. In a typical non-local problem, the partial 
differential equation (resp. boundary conditions) for an unknown function u at any point in a 
domain D involves not only the local behavior of u in a neighborhood of that point but also the 
non-local behavior of u elsewhere in D. For example, at any point in D the partial differential 
equation and/or boundary conditions may contain integrals of u over parts of D, values of u 
elsewhere in D or, generally speaking, some non-local operator on u. 
In this paper, motivated by many important applications, especially by resistivity well-logging 
in petroleum exploitation, we present and discuss the theory for a class of non-local boundary 
value problems for partial differential equations and point out its applications to numerical 
analysis. 
2. Statement of problems; examples 
Let D be a bounded domain in R” (for practical use, n = 2 or 3) with piecewise smooth 
boundary r. We consider a linear self-adjoint elliptic equation of second order in 9; without loss 
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of generality, here we only consider the Poisson equation 
-Au = F(x). 
If we prescribe on r,, a part of r, the following boundary condition 
(24 
u = c (unknown constant) on r,, 
J 
*ds = A, (given constant), 
r, an 
(2.2) 
where n is the unit outward normal vector on r,, and on the remainder of r, i.e., on r\r,, we 
prescribe a boundary condition of Dirichlet type or of Neumann type etc., then we get a 
non-local boundary value problem [1,2]. 
In the case of evolution equations, on a cylindrical domain Q = fi x (0, 7') we can similarly 
consider corresponding non-local boundary value problems with the following boundary condi- 
tion on ,X0 = & x (0, T), a part of the lateral surface _Z = I’ x (0, 7') of Q: 
u = c (t ) (unknown function of t ) on Z:, , 
J *dS = A,(t) (given function of t), r, an 
(2.3) 
for a.e. t E (0, T); the usual boundary condition holds on the remainder of 2, i.e., on E\Za, 
and an appropriate initial condition is prescribed on t = 0, for example for the heat equation 
[5?31 
g - Au = F(x, t), 
the wave equation [S] 
(2.4) 
$ - Au = F(x, t), 
the Schrodinger equation 
al4 
- - i Au = F(x, t) 
at 
or the pseudoparabolic equation [22] 
(I-A)$-Au=F(x, t), 
(2.5) 
(2.6) 
(2.7) 
etc. 
There are many important practical problems which lead us to study this kind of non-local 
boundary value problem. 
Example 1. Consider the steady (resp. unsteady) temperature distribution u = u(x, JJ) (resp. 
u = U(X, y, t)) around a cable. u satisfies 
Au=0 
( 
resp.$Au=O , 
1 
(2.8) 
away from the cable and non-local boundary condition (2.2) (resp. (2.3)) on the surface r,, of the 
section of the cable, where n points towards the interior of the cable and A, (resp. A,(t)) is the 
rate of total heat flux for the cable with unit length. 
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Example 2. Consider the static electric field out of a charged electric conductor. The static 
electric potential u = u(x, y, z) satisfies 
Au=0 (2.9) 
out of the conductor, and boundary condition (2.2) on the surface r, of the conductor, where it 
points towards the interior of the conductor and A, = 41rQ is the total electrical flux passing 
through r,, Q being the total electric charge on the conductor. 
Example 3. Consider the electric field in a uniform medium caused by a steady electric current. 
The electric potential u = u(x, y, z) also satisfies equation (2.9) and the same boundary 
condition (2.2) on the surface r, of any electrode, where A, is the total electric current emitted 
from this electrode and n points towards the exterior of the domain [lo]. 
Example 4. Consider the torsion problem for an elastic rod with a multiply-connected cross 
section. Let the stress function be @ = 2G@(x, y), where G is the shear modulus and B is the 
torsion angle per unit length; then ~(x, y) satisfies the equation 
-Acp=I, (2.10) 
and on the external boundary r, of the section of the rod, we have 
cp = 0 on r,. (2.11) 
Moreover, on the boundary r, of any inner hole of the section of the rod, we have the same 
non-local boundary condition (2.2), where A, is the area of this inner hole and n points towards 
the interior of the hole [35]. 
Example 5. In petroleum exploitation, the oil pressure p = p( x, y, t) satisfies the equation 
$AP=O (2.12) 
away from the well, and the same boundary condition (2.3) on the surface of the well, where n 
points towards the interior of the well and A,(t) is the rate of total flux of oil per unit length at 
time t from the well [5,16]. 
In all these examples the first boundary condition 
u = c (unknown constant) on r, or 
u = c(t) (unknown function of t) on Z0 = r, X (0, T) 
means that on r, the temperature, the potential, the stress function or the pressure etc. is a 
constant (resp. a constant for a.e. t > 0) to be determined, while the second boundary condition 
J %dS=A, or 1 r, an r gdS=A,(t) 0 
means that the total (heat, electric, oil, . , .) flux is given. From this point of view, we refer to this 
kind of non-local boundary conditions as the equivalued surface boundary condition or the total 
flux boundary condition. Then the corresponding non-local boundary value problem is called the 
equivalued surface boundary value problem or the total flux boundary value problem. 
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3. Variational principle 
By means of a variational principle, there is no difficulty in getting the existence and 
uniqueness theorem for this kind of non-local boundary value problem in some Sobolev space. 
Therefore, the finite-element method or the Gale&in method can be used to obtain the 
corresponding numerical solutions. 
As an example in the stationary case, let the boundary of a bounded domain D be divided into 
three parts: r = r, U I’, U To. We consider the following total flux boundary value problem: 
-Au= F(x) in Q, u=O onr,, E= 0 on r,, 
u = c (unknown constant) on r,, 
J 
*dS = A, (given constant). 
(3.1) 
l-0 an 
Let 
V= (vJvEHi(Q), u] r, ~0, u]rO=constant), (3.2) 
where H’( 52) is the usual Sobolev space. Obviously, V is a closed subspace of H1( Q). We 
minimize the following functional on V: 
.J(o)=~~(:~vuI*-Fu) dx-A,u]r”. (3.3) 
It is easy to see [2] that there exists a unique u E Y such that 
J(U) = nlFV J(U), (3.4) 
and that u is the (weak) solution of problem (3.1). 
Based on the previous variational principle, we have successfully used the finite-element 
method to get numerical solutions for resistivity well-logging in petroleum exploitation [6,10]. 
4. The need for direct study of this kind of non-local boundary value problem 
It might be suggested that problem (3.1) can be solved in the following way [l]: first solve the 
following two standard boundary value problems for w1 and w2: 
-Aw, = F(t, x) in fi, w,=O on r,, a+ -=0 onr,, 
an 
w,=O onI?, 
(4.1) 
and 
-Aw,=O in 1(2, w,=O onr,, aw2 -=0 onr,, 
an 
w,=l onr,; 
(4.2) 
then the solution of the original problem must be 
u=wi+cw*, (4.3) 
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where c can be uniquely determined by 
A,= J aw1 -ddS+c 3% l-, an J -dS r, an 
because of 
s 3% -dS > 0. r, an 
(4.4) 
(4.5) 
Theoretically speaking, this is correct; from the numerical point of view, however, it is not 
preferable. Since in this method we first have to compute the approximate values of the normal 
derivatives awi/an (i = 1, 2) and then we have to perform a numerical integration; a large error 
arises in this procedure. If, on the contrary, we directly solve the original non-local boundary 
value problem (3.1) by the finite-element method, the cost of computation is just the same as 
only one (not two!) standard boundary value problem, and the second condition /rO au/an dS 
= A, now becomes a natural boundary condition which never gives us any trouble. 
Moreover, in the evolution case or in the non-linear case, generally speaking, the previous 
indirect method for solving this kind of non-local boundary value problem is not available even 
from the theoretical point of view. 
Further advantages of introducing and studying this kind of non-local boundary value 
problem will be given in the following sections. 
5. Limiting behavior of solutions 
We can obtain some interesting results on the limiting behavior of solutions to this kind of 
non-local boundary value problems. 
For example, let 52, be a two- or three-dimensional bounded domain surrounded by two 
closed surfaces r, and r, (cf. Fig. l), where r, is, for instance, the surface of the ball 
&={xIIxI GC}. 
Suppose that as 6 -+ 0 (i.e., r, shrinks to the origin), 
A, -+A,, (5-l) 
Fig. 1. Fig. 2. 
54 Li Ta-tsien / Non-local boundary value problems 
then the solution u, of the following problem on UC: 
-Au, = F(x) in L?,, uC=O on r,, 
u, = c, (unknown constant) 
converges in a suitable sense to the 
surrounded only by r, (cf. Fig. 2): 
solution u of the following problem on the domain fi 
-AU = F(x) + A$(x) in L.?, u=O onr,, (5 -3) 
where 6(x) is the Dirac mass at the origin. Precisely speaking, let u, be extended by 0 or by c, in 
B,, we have [4,12] 
u, + u in L2(G) strongly. (5.4) 
In particular, for the torsion problem of an elastic rod with multiply-connected cross section, 
the inner hole can be neglected, provided that its diameter is small enough, since in this case 
when the inner hole shrinks to a point, the area A, of the hole tends to A, = 0. Therefore, there is 
no stress concentration at the edge of the hole for the torsion problem of elastic rod [4,35]. 
There are similar results in the evolution case [12,15,19]. For instance, the solution u, of the 
following parabolic problem 
converges 
au 
L---Au,=F(t, x) inQ,=fi,x(O, T), 
at 
u,=O on&=r,X(O, T), 
U, = c,(t) (unknown function of t) on Z’, = I” x (0, T), (5.5) 
J 
%dS=A,(t) 
r, an 
for a.e. t 6 (0, T), t=O: u,=O oriD C’ 
in a suitable sense as E -+ 0 to the solution u of the following parabolic problem: 
$-Au=F(t, x)+A,(t)G(x) inQ=aX(O, T), 
(5 -6) 
u=O on&, t=O: u=O on9, 
provided that A,(t) -3 A,(t) as 6 + 0. Precisely speaking, if 
A,(t) +A,(t) in L2(0, T) strongly (resp. weakly), 
then for the extension ii, of u, in B, X (0, T) by 0 or by c,(t), we have 
(5.7) 
0, + u in L2( Q) strongly (resp. weakly). (5 -8) 
This result can be used to solve approximately the problem for the pressure in petroleum 
exploitation, since the diameter of the well is relatively small. 
Thus, for total flux boundary value problems, when r, (C T) is a closed surface and the 
diameter of r, is small enough, a point source term on the right-hand side in the equation can be 
used to approximate r, so that it suffices to solve a problem on a domain without a hole. Hence 
using the fundamental solution, we can avoid a refined partition of elements near r, in the 
finite-element procedure, and the complexity of computation is reduced. 
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6. Application to pointwise control problems 
The results in Section 5 can be used in pointwise control problems for systems governed by 
parabolic equations as follows [13,18,22]. 
For n = 2 or 3, for any u E L2(0, T), the parabolic problem 
$-Ay=u(r)s(x) in Q=aX(O, T), 
(6.1) 
y=o on Z=TX (0, T), t=O: y=O onfi, 
admits a unique solution y = y(t; u) E L2(Q), where in (6.1) S(x) is the Dirac mass at the 
origin. 
Introducing the function space [9,18] 
u= {uIu(t)EL2(0, T),y(T; v) EJ?qq}, 
equipped with the graph norm 
(6.2) 
II u II I!/ = ( II u I&O,T) + II Y(Ti 4 IlL2~(nJ’*: 
for u E U, define the cost function 
(6.3) 
J(~)=A$,:.~(r)dt+/-ly(T; u)-zd12 dx, (6.4) 
where zd is given in L2(0) and N is a given positive number. There exists a unique element 
u0 = u,(t) E U such that [18] 
J( U()) = kfuJ( u). (6.5) 
For e > 0 small enough, the following approximation of problem (6.1) 
aY 
L - Ay, = 0 
at 
in Q,, y,=O onE, 
y,=c&) ( un k nown function of t) on .Z, = r, x (0, T), 
s aY, -dS = u,(t) r, an for a.e. t E (0, T), 
(6.6) 
admits a unique solution y,(t; u,) with 
Y,(C UC) EL”(O) (6.7) 
for any u,(t) E L2(0, T), where I” is the surface of the ball B, = {x I I x I < c}, Q, = L?, X (0, T) 
and s2, = L?\B,. 
Thus, for u E L2(0, T), we can define the cost function 
(6.8) 
where y,( t; u) is the solution of problem (6.6) subject to u(t), and there exists a unique element 
U, = u,(t) E L2(0, T) such that 
J&G) = inf J,(u). (6.9) UEL’(0, T) 
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Then it can be shown [13,18] that as c + 0, 
J&4> 4%) 
and 
UC + uo in L2(0, T) strongly. 
(6.10) 
(6.11) 
7. Homogenization of boundary conditions 
We begin with the problem of resistivity well-logging in petroleum exploitation. As shown in 
Section 2, the potential u satisfies the Laplace equation 
Au=0 (7.0 
in the domain, the total flux boundary condition (2.2) on the surface r. of any electrode, where 
A, is the total electric current emitted from this electrode and a boundary condition of Dirichlet 
and/or Neumann type on the remainder of the boundary. 
Recently, in order to fit the surface of the well more closely, a, piecewise electrode has been 
used in the oil field. In this case, the surface To of the original electrode is divided into two 
regular subsets I’: and r’, where r; is composed of insulating material, while r;, the surface of 
the piecewise electrode, is composed of a number of connected surfaces F& (i = 1,. . . , m(c)): 
m(c) 
F;= u I&, (7.4 
i=l 
in which every fl,, denotes the surface of a connected piece of the electrode. Since there is a 
short-circuit among these connected pieces of electrode, the potential u must be a constant on 
the whole electrode r;. On the other hand, the total electric current emitted from r; is still the 
given constant A,. Thus, we get the boundary condition on To = r; U fi as follows: 
* ~0 on r’ 
an 03 
u = c (unknown constant) on r;, 
J 
*dS =A,. 
r;; an 
(7.3) 
The problem under consideration is still well-posed. Noting (7.2), however, it is almost 
impossible to solve this problem directly by, say, the finite-element method, since the boundary 
condition on To rapidly changes its type; then we need a great number of refined elements in the 
neighborhood of I’,. In order to reduce this complexity of computation it is natural to ask if this 
complicated boundary condition (7.3) on r, can be replaced approximately by a much simpler 
and unified boundary condition and, if any, what is this reduced boundary condition. A similar 
problem for partial differential equations, called the problem of homogenization of partial 
differential equations, has been exhaustively studied by many authors, therefore, we refer to the 
preceding problem as the problem of homogenization of boundary conditions which is first 
presented and studied from the motivation mentioned above [28,36]. 
Let r = To U r, U T, and To = r,Z U p; as before. For instance, when To is a regular domain on 
a hyperplane, we can take the partition of To according to an c-periodic structure (see Fig. 3). 
Li Ta-tsien / Non-local boundaq value problems 57 
I *.\\,,\, 
I.,.\,\,\ I\,\\,,\ 
(14)e ee 
Fig. 3. 
Consider the following problem: 
Au,=0 in52, $=g, on ri, 
u, = c, (unknown constant) on fi, 
J 
%dS=&g. dS+ F, 
F; an 
au 
u,=O on r,, L=O onr,, 
i3n 
(7.4) 
where g, is a given function on r, and F is a given constant. 
In the problem of resistivity well-logging with the piecewise electrode, g, = 0 and F is equal to 
the total electric current A, emitted from the electrode. 
We make the following hypotheses: 
(Hl) Let 
(7.5) 
be the characteristic function of f; on r,. Suppose that for any weak * convergent subsequence 
{ X,,} in L”( r,), its limit function must be different from zero almost everywhere. 
(H2) g, converges strongly to some g in the dual space of Hl/*(I’,). 
Here hypothesis (Hl) actually gives a restriction on the geometrical structure of p; as E + 0. 
In fact, it follows from (Hl) that there exists a constant a > 0 such that for any E > 0, 
meas~~bc~a0. (7.6) 
r-0 
In particular, in the case of a periodic structure as shown in Fig. 3, the whole sequence 
X, 4 19 # 0 weak * in L”(T,) as c + 0, (7.7) 
so that (Hl) is satisfied. 
Under hypotheses (Hl)-(H2) we can prove that as 6 + 0, the solution u, of problem (7.4) 
converges strongly in H’(a) to the solution u of the following problem: 
Au=0 inS2, u = c (unknown constant) on I’,, 
J 
*d,=F+G, 
r,?n (7.8) 
*=O onr 
\ , 
u=O onr,, 
an 2, 
in which 
G= gdS. 
J r” 
(7.9) 
Thus, we obtain the homogenized boundary condition on r,, which is a total flux boundary 
condition. When applied to the problem of resistivity well-logging, instead of the piecewise 
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electrode pi, we can approximately regard the whole surface r, as an electrode and then there 
will be no difficulty in using the finite-element method to get a numerical solution. 
The homogenization of boundary conditions in the case of evolution equations can be found 
in [40,41]. 
8. A class of inverse problems and its homogenization of boundary conditions 
Now we consider an inverse problem related to resistivity well-logging in petroleum exploita- 
tion. 
The potential u satisfies the equation 
in the domain, where R, the resistivity of the earth, is supposed to be piecewise constant: 
R = R,, R,,,, R,, R,, (8.2) 
as shown in Fig. 4; on each segment of the interface r, between layers of different resistivity, we 
have the conditions 
u+=tL, (f E)+= if%)-> (8.3) 
where the subscripts + and - stand for the values on both sides of r, respectively and the 
normal vector n takes the same direction on both sides of r,. Conditions (8.3) simply mean that 
both the potential and the electric current are continuous on r,. 
On the surface r, of an electrode, we have 
u = c (unknown constant) on r,, 
J 
-l%ds,A 
r,, R an 
0. 
We have another boundary condition on the remainder of r, for instance, 
u=O onr,, au =0 on r etc 
an 
2 . 
(8.4) 
(8.5) 
If the resistivities R,, R,,,, R, and R, are all given, we can solve this total flux boundary 
value problem (8.1)-(8.5) and then determine the value c of the potential on To. Conversely, if 
Fig. 4. Fig. 5. 
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the value c of the potential on the electrode r, can be measured, we want to determine one of the 
resistivities of the earth, say, R, (the resistivity of the objective layer). Thus, we get an inverse 
problem. 
It is proved in [38] by a variational method that for any given R, (0 c R, < oo), c = c( R,) 
obtained by solving the corresponding direct problem is a strictly increasing and continuous 
function of R, and the range (c,,, c,) of this function c( R,) can be determined by solving some 
total flux boundary value problems on a domain shown in Fig. 5. 
Thus, owing to the total flux boundary condition we get a well-posed inverse problem which 
has a clear practical meaning and might be one of the simplest inverse problems for partial 
differential equations, since all we have to do is to determine an unknown constant R, from an 
additional given constant c. 
For a piecewise electrode we can still study the same kind of inverse problems. In this case 
boundary condition (8.4) must be replaced by (7.3). If the measured potential on the electrode r, 
and p; respectively is the same constant c, then by solving the corresponding inverse problem we 
determine the resistivity of the objective layer R, = R,(c) and R: = R:(c) respectively. A result 
related to the homogenization of boundary conditions in [39] shows that as 6 + 0, R: converges 
to R,. It also reduces very much the complexity of computation. 
9. Generalization 
The total flux boundary condition can be generalized to the following so-called complementary 
boundary condition: 
u-fEM on r,, 
an 
- -gEM’ on r,, 
an (9.1) 
where f and g are given functions on r,, M is a closed subspace of H’/*(&), ML denotes the 
dual orthogonal complement of M, i.e., 
ML = (0 I u E (I”‘)‘, (u, ‘P)(H’/Z(r,))‘,H’/2(r,) = 0, tfq EM), (9.2) 
in which ( H1/*( r,)) ’ is the dual space of H”*(r,). 
By variational methods it is easy to see that the corresponding complementary boundary value 
problem is still well-posed [3]. 
Choosing M in different ways, we can get a great number of complementary boundary 
conditions as follows: 
If M = { 0} or M = H1’*( r,), we get respectively the standard boundary condition of Dirichlet 
type or of Neumann type. These are two extreme cases. 
If M is a subspace spanned by 1, then M = {c - constant} and if f = 0, we get the total flux 
boundary conditions (2.2) for the Poisson equation (2.1). 
If M is a subspace spanned by J linearly independent functions ‘pi (i = 1,. . . , J) in H’/*(r,) 
and if f = 0, we get the following non-local boundary condition for the Poisson equation (2.1): 
u= c ci’p;, ci (i= l,..., J) unknown constants, on r,, 
i=l 
/ 
*vi dS = Ai (given constant), r,,an i=l , . . . , J. 
(9.3) 
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If A$-‘- is a subspace spanned by 1, then ML = {c - constant} and if g = 0, we get the 
following non-local boundary condition for the Poisson equation (2.1): 
al.4 
z = d (unknown constant) on r,, 1 u dS = B, (given constant). 
ro 
If ML is a subspace spanned by K linearly independent functions qj (i = 1,. . . , K) in 
( Hii2( I’,))’ and if g = 0, we get the boundary condition on r, as follows: 
g= Edjqi, di (i=l,._.,K)unknownconstants, onr,, 
i=l 
(9.5) 
1 
u\k; dS = Bi (given constant), i = 1,. . . , K, 
r” 
etc. 
Since there is a variety of choices of M, we can get many non-local boundary conditions. 
However, among them total flux boundary condition (2.2) is the most important. 
The complementary boundary condition and the complementary boundary value problem can 
be similarly discussed in the case of evolution equations [8]. 
Total flux boundary conditions and complementary boundary conditions can be also gener- 
alized to the case of higher-order equations and systems [3,24]. 
10. Remarks on non-linear cases 
The non-local boundary value problem discussed in the previous sections can be also 
considered in non-linear or semi-linear cases. There is still much work to be done in this area; 
some interesting results can be found in [25-27,30-321. 
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